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Abstract. Let p be a prime, and let n > 0 and r be integers. In 1913
Fleck showed that








Nowadays this result plays important roles in many aspects. Recently
Sun and Wan investigated Fp(n, r) mod p in [SW2]. In this paper, using
p-adic methods we determine (Fp(m, r) − Fp(n, r))/(m − n) modulo p
in terms of Bernoulli numbers, where m > 0 is an integer with m 6= n
and m ≡ n (mod p(p − 1)). Consequently, Fp(n, r) mod pordp(n)+1 is







This yields an application to Stirling numbers of the second kind. We also
study extended Fleck quotients; in particular we prove that if a > 0 and
















for all d = 1, . . . ,max{pa−2, 1}.
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≡ 1 (mod p2).











≡ 1 (mod p3).
This is a fundamental congruence involving binomial coefficients. When




p− r − 1
)
≡ −2p2H2r + 2pHr − 1 (mod p
3) (1.1)
for each r = 1, . . . , p− 1, where Hr =
∑
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where ⌊·⌋ is the well-known floor function, ordp(α) denotes the p-adic order









(In [S02] the author expressed certain sums like (1.2) in terms of linear
recurrences.) Fleck’s result plays fundamental roles in the recent inves-
tigation of the ψ-operator related to Fontaine’s theory, Iwasawa’s theory
and p-adic Langlands correspondence (cf. [Co], [W] and [SW1]), and Davis
and Sun’s study of homotopy exponents of special unitary groups (cf. [DS]
and [SD]). It is also related to Leopoldt’s formula for p-adic L-functions
(cf. [Mu, Theorem 8.5]).







































So, in the case n = 2p − 1 and r = −1, or the case n = 2p and r = 0,
Fleck’s result yields Babbage’s congruence.
For m = 0, 1, 2, . . . , the mth order Bernoulli polynomials B
(m)
k (t) (k ∈
















k (0) (k ∈ N) are calledmth order Bernoulli numbers.
Clearly B
(0)
k (t) = t
k. The usual Bernoulli polynomials and numbers are
Bk(t) = B
(1)
k (t) and Bk = Bk(0) = B
(1)






















k /k! coincides with [x
k](x/(ex−1))m, the coefficient of xk in the








Bi1 · · ·Bim
i1! · · · im!
.
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It is well known that B0 = 1, B1 = −1/2 and B2k+1 = 0 for k = 1, 2, 3, . . . .
The von Staudt-Clasusen theorem (cf. [IR, pp. 233–236] or [Mu, Theo-
rem 2.7]) states that B2k +
∑
p−1|2k 1/p ∈ Z for any k ∈ Z
+. Thus,
B0, . . . , Bp−2 are p-adic integers and hence so are B
(m)





k (t) ∈ Zp[t] if 0 6 k < p− 1, where Zp denotes the ring of p-adic
integers.
In terms of higher-order Bernoulli polynomials, the author and D. Wan
[SW2] determined the Fleck quotient








(−1)k + [[n = 0]] (1.3)
modulo p. (Throughout this paper, for an assertion A we let [[A]] take 1 or
0 according as A holds or not.) Namely, by [SW2, Theorem 1.2], we have
Fp(n, r) ≡ −n∗!B
(m)
n∗ (−r) (mod p) for m ∈ N with m ≡ −n (mod p),
(1.4)
where n∗ is the smallest positive residue of n modulo p− 1, and n
∗ is the
least nonnegative residue {−n}p−1 of −n modulo p − 1. For convenience
the notations n∗ and n
∗ will be often used, and we remind the reader of
the difference. Note that n∗ + n






≡ (−1)n∗−1 ≡ (−1)n
∗−1 ≡ (−1)n−1 (mod p).
We mention that ((p− 1)/2)! mod p is related to the class number of the
quadratic field Q(
√
(−1)(p−1)/2p) (cf. [Ch] and [M]).
Let ζp be a fixed primitive pth root of unity in the algebraic closure of
the p-adic filed Qp. It is easy to see that ordp(1 − ζp) = 1/(p − 1). The
main trick in [SW2] is to determine Fp(n, r) modulo 1− ζp.









(−1)pk ≡ −(n− 1)!Bp−n (mod p). (1.5)
This is a further extension of Wolstenholme’s congruence. When 1 < n <
p− 1 and 2 | n, the right-hand side of the above congruence is zero since
Bp−n = 0; inspired by (1.5) the author’s student H. Pan usedMathematica
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For m,n ∈ Z+, the Stirling number S(m,n) of the second kind is the
number of ways to partition a set of cardinality m into n subsets. It is
easy to show that
(−1)n−1n!S(mϕ(pb), n) ≡ Cp(n, 0) = (−p)
⌊(n−1)/(p−1)⌋Fp(n, 0) (mod p
b)
for any b = 1, 2, 3, . . . (cf. [GL, Lemma 5]), where ϕ is Euler’s totient








In this paper we want to reveal further connections between Fleck quo-
tients and Bernoulli numbers, including the determination of Fp(pn, r)
modulo pordp(n)+2 by which (1.6) holds when 1 < n < p − 1 and 2 | n.









It can be shown that pip−1/p ≡ −1 (mod p) (see Section 2). The p-adic
method in this paper deals with congruences modulo powers of pi, and it
is so powerful that we need not appeal to the Stickelberger congruence (cf.
Theorems 11.2.1 and 11.2.10 of [BEW]) which is of advanced nature.
Sun and Wan [SW2, Corollary 1.7] proved the following periodical re-
sults:
Fp(n+ p
b(p− 1), r) ≡ Fp(n, r) (mod p
b) for b = 1, 2, 3, . . . .
Thus, if m ∈ N, m 6= n and m ≡ n (mod p(p − 1)), then (Fp(m, r) −
Fp(n, r))/(m− n) ∈ Zp. We determine this quotient modulo p in our first
theorem.
Theorem 1.1. Let p be a prime, and let m,n ∈ N, m 6= n and m ≡
n (mod p(p− 1)). Then we have







































Corollary 1.1. Let p > 5 be a prime, and let n > 0 be an integer with
n 6≡ 0,−1 (mod p− 1). Then, there are at least p − n∗ + 2 > 4 values of
r ∈ {0, 1, . . . , p−1} such that ordp(Fp(m, r)−Fp(n, r)) = ordp(m−n) for
all m ∈ N with m ≡ n (mod p(p− 1)).
Proof. Clearly n∗ = {−n}p−1 > 2 and n∗ = p− 1− n

















































(n∗ + 1)(n∗ + 2)
24
6≡ 0 (mod p),
there are at most n∗ − 2 values of r ∈ {0, 1, . . . , p− 1} satisfying P (r) ≡
0 (mod p). (Recall that a polynomial of degree d > 0 over a field cannot
have more than d zeroes in the field.) Combining this with Theorem 1.1
we obtain the desired result. 
Corollary 1.2. Let p be a prime and let r ∈ Z. Suppose that n ∈ N and
n ≡ 0 (mod p− 1). Then, for any b = 2, 3, . . . we have
Fp(n, r) ≡ Fp({n}ϕ(pb), r) (mod p
b) (1.9)
and
Fp(n+ p− 2, r) ≡ Fp({n}ϕ(pb) + p− 2, r) (mod p
b).tag1.10
Consequently,
Fp(pn, r) + p[[p | r]]− 1
pn
≡ 0 (mod p). (1.11)
Proof. (i) Let b > 1 be an integer. Write n = ϕ(pb)q + {n}ϕ(pb) with
q ∈ N. As n∗ = {−n}p−1 = 0 and (n+ p− 2)
∗ = [[p 6= 2]], if q > 0 then by
Theorem 1.1 we have
Fp(n, r)− Fp({n}ϕ(pb), r)
pb−1(p− 1)q
≡ 0 (mod p)
and
Fp(n+ p− 2, r)− Fp({n}ϕ(pb) + p− 2, r)
pb−1(p− 1)q
≡ 0 (mod p).
So (1.9) and (1.10) are valid.
(ii) Clearly b = ordp(pn) + 1 > 2 and ϕ(p
b) | pn. In view of (1.9),
Fp(pn, r) ≡ Fp(0, r) = −pCp(0, r) + 1 = 1− p[[p | r]] (mod p
b)
and hence (1.11) holds. 
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Corollary 1.3. Let p be a prime and let r ∈ Z. Assume that m,n ∈ N,
m 6= n and m ≡ n (mod p− 1). Then














Proof. In light of Theorem 1.1,













































So we have the desired (1.12). 
Lemma 1.1. Let p be an odd prime, and let n be a positive integer not
divisible by p− 1. Then Fp(n, 0)/n ∈ Zp.
With help of this lemma and Theorem 1.1, we can deduce the following
theorem.
Theorem 1.2. Let p be an odd prime, and let n ∈ Z+ with 2 | n and
















Bp−1−n∗ (mod p). (1.13)















Proof. As n− 1 is odd, pn− 1 ≡ n− 1 6≡ 0 (mod p− 1). Thus
pn(−p)⌊(n−2)/(p−1)⌋Fp(pn, 0)















































p⌊(pn−1)/(p−1)⌋+1 = (1 + (p− 1))⌊(pn−1)/(p−1)⌋+1














































(pn− 1)!S(mϕ(pb), pn− 1)
(−p)⌊(pn−2)/(p−1)⌋
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Clearly n∗ 6= 0, 1. By Theorem 1.1 in the case r = 0,
Fp(p

























2n, 0)/(pn) ≡ 0 (mod p) by Lemma 1.1, the desired result fol-
lows. 
Remark 1.1. Let p be a prime and let n ∈ Z+.
















If m ∈ Z+, m ≡ n (mod p) and m ≡ n 6≡ 0 (mod p− 1), then by Theorem







If 1 < n < p− 1 and 2 | n, then (1.13) yields (1.6).
(ii) When 2 | n and p− 1 ∤ n, for any integers m > 0 and b > 2⌊(pn −
1)/(p− 1)⌋ we have
ordp
(



















by (1.14). In 2001 I. M. Gessel and T. Lengyel [GL, Conjecture 1] con-
jectured that equality always holds in our last two inequalities; this is
not true since it might happen that Bn∗ = Bp−1−n∗ ≡ 0 (mod p), e.g.,
ord37(B32) = ord59(B44) = 1. (p is said to be irregular if B2k ≡ 0 (mod p)
for some 0 < k < (p − 1)/2. According to [IR, p. 241] or [Mu, Theorem
2.13], there are infinitely many irregular primes.) By the way, Conjecture
2 of [GL] is an easy consequence of the congruence (1.4) due to Sun and
Wan [SW2].
























Proof. (1.15) follows from (1.13) in the case n = 2. Applying (1.13) with





















































We are done. 
Remark 1.2. (1.15) was first discovered by J.W.L. Glaisher (cf. [G1, p. 21]






mod p4 in view of (1.15), and (1.1) and its proof.
In the next theorem we determine Fp(pn, r) mod p
ordp(n)+2 in the case
p− 1 ∤ n and p ∤ r.
Theorem 1.3. Let p be an odd prime, and let n > 0 and r be integers
with p− 1 ∤ n and p ∤ r. Then, for any b = 1, . . . , ordp(pn) we have




















where b′ = (pb − 1)/(p− 1).
Remark 1.3. Let p be an odd prime. A result of L. Carlitz [C] states
that (Bk + p
−1 − 1)/k ∈ Zp for all k ∈ Z
+ with p − 1 | k. So we have
pBϕ(pb) ≡ p− 1 (mod p
b) for all b ∈ Z+.
Corollary 1.5. Let p be an odd prime. Let n ∈ Z+ and r ∈ Z with
p− 1 ∤ n and p ∤ r. Set b = ordp(pn) and b







k ∈ pbZp = pnZp, (1.18)
Proof. This is because the right-hand side of the congruence (1.17) belongs
to pbZp. 
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Corollary 1.6. Let p be an odd prime. If n ∈ Z+, r ∈ Z, p − 1 ∤ n and
p ∤ r, then we can determine Fp(pn, r) mod p
2 in the following way:
(−r)nFp(pn, r) + n∗!
n∗!n∗

















where qp(r) denotes the Fermat quotient (r
p−1 − 1)/p.
Proof. Just apply (1.17) with b = 1. 
Remark 1.4. If p is a prime, n ∈ N and r ∈ Z, then







(−1)tFp(pn, r − t) for any s = 0, . . . , n
∗;
because ⌊(pn+s−1)/(p−1)⌋ = (pn+n∗)/(p−1)−1 = ⌊(pn−1)/(p−1)⌋




















by the Chu-Vandermonde convolution identity (cf. [GKP, (5.27)]).
In the next section we determine (ζap − 1)
pbn modulo pb+1pip
bn (where
a ∈ Z and b ∈ N) in terms of Bernoulli numbers or higher-order Bernoulli
numbers. On the basis of this, we prove Theorem 1.1 and Lemma 1.1 in
Section 3 by a p-adic method. In the proof of Theorem 1.3 given in Section
4, we have to employ the p-adic Γ-function and the Gross-Koblitz formula
for Gauss sums. In Section 5, we study extended Fleck quotients and give
an extension of (1.4) which implies the following generalization of (1.5).
Theorem 1.4. Let p be a prime, and let a ∈ Z+ and l,m, n ∈ N with





















for all d = 1, . . . ,max{pa−2, 1}.
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2. A theorem on roots of unity
In this section we establish the following auxiliary result.
Theorem 2.1. Let p be a prime and define pi as in (1.7).
(i) We have
pip−1 ≡ −p (mod p2), i.e.,
pip−1
p
≡ −1 (mod p). (2.1)























Lemma 2.1. Let p be any prime. Then ordp(pi) = 1/(p−1) and pi
p−1/p ≡
















= 1− (1− ζp)η













p )/(1− ζp)) is a unit in the ring Zp[ζp],
by the above pi/(1 − ζp) and pi
p−1/p are also units in Zp[ζp] and hence











a ≡ −1 (mod ζp − 1),





















= P (x) + xpQ(x)
with P (x), Q(x) ∈ Zp[x] and degP (x) < p. If −1 < x < 1 then




















= P (1− ζp) + (1− ζp)
pQ(1− ζp) ≡ ζp (mod pi
p).
If j ∈ N and ζjp ≡
∑p−1
k=0(jpi)





























Thus, by induction, ζap ≡
∑p−1
k=0(api)
k/k! (mod pip) for any a ∈ N.
A general integer a can be written in the form pq+ r with q, r ∈ Z and
























This concludes the proof. 
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j=1 ij − 1)!





























































So f(x) = log((ex − 1)/x) −
∑∞
n=1(−x)
nBn/(n!n) is a constant for x ∈
(0, 2pi). Letting x→ 0 we find that the constant is zero.

































































j=1 ij − 1)!










So we have the desired (2.5). 
Proof of Theorem 2.1. (i) When p = 2, (2.1) is trivial since pi = ζ2−1 = −2.
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+ pi(p− 1) ≡ −pi (mod ppi).
(It is well known that
∑p−1
a=1 a
j ≡ 0 (mod p) for any j ∈ N with p− 1 ∤ j,



























































≡ −pip−1 (mod p2).
(Note that (β + pγ)p ≡ βp (mod p2) for any β, γ ∈ Zp[ζp].) Thus α ≡
−pip−1 ≡ p (mod ppi) and hence ordp(α−p) > ordp(ppi) = 1+1/(p−1) > 1.
As α − p ∈ Zp, we must have ordp(α − p) > 2 and so −pi
p−1 ≡ α ≡
p (mod p2). This proves (2.1).















































= 1 + xp−1Q(x)
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= (1 + piβ)p
b+1
≡ 1 (mod pb+1pi).























































In the case b = 0, this yields (2.2).
Below we assume b > 0 and want to prove (2.3).
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If i0, . . . , ip−2 ∈ N,
∑p−2
j=0 ij = p and
∑p−2
j=0 ijj = k 6≡ 0 (mod p) then
i0, . . . , ip−2 are all smaller than p and hence p!/
∏p−2



















+ [[p 6= 2]](api)p
p!





















































































































j=1 ij − 1)!



















≡ 1 + ppiS (mod p2)
where
































(mod p) (by (2.1)).
(Recall that B1 = −1/2 and B2j+1 = 0 for all j ∈ Z
+.)






















≡1 + pbpiS (mod pb+1),
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where we have noted that pi2/2 ∈ Zp[ζp] and p
k−2/k ∈ Zp for k = 3, 4, . . .













This proves (2.3) and we are done. 
3. Proofs of Theorem 1.1 and Lemma 1.1














Proof of Lemma 1.1. For a = 1, . . . , p− 1, as (ζap − 1)/pi ≡ a (mod pi) by




















(mod p2pi), . . . .

















































by Lemma 3.1. So we have














Since Fp(n, 0) ∈ Z, this shows that Fp(n, 0)/n ∈ Zp. We are done. 









n∗p[[p−1|n]] (mod ppi). (3.2)
Proof. In view of Lemma 2.1,
p−1∑
a=1



















n+k ≡ −[[p− 1 | n+ k]] (mod p), we have
p−1∑
a=1


























This proves (3.2). 
Proof of Theorem 1.1. Without loss of generality, we assume m > n and







































































≡ 1 (mod pbpi) since −p/pip−1 ≡ 1 (mod pi).)


































with help of the congruence aϕ(p
b+1) ≡ 1 (mod pb+1) (Euler’s theorem).



























≡[[k < n∗]](n∗ + k)!(rpi)
n∗−k − [[k = n∗]]
≡[[k 6 n∗]](n∗ + k)!(rpi)
n∗−k (mod pin
∗+1).
(Note that (n∗ + n
∗)! = (p− 1)! ≡ −1 (mod p) by Wilson’s theorem.) So
pin
∗




















































Fp(m, r)− Fp(n, r) ≡ (−1)
n−1D ≡ pbd(−1)nn∗!Σ (mod p
bpi),
i.e., the p-adic order of the rational number
R =
Fp(m, r)− Fp(n, r))
m− n
+ (−1)n∗n∗!Σ
is at least ordp(pi) = 1/(p− 1) > 0. It follows that ordp(R) > 1.
































































































n∗−k (−r) (mod p).
This concludes the proof. 
4. Proof of Theorem 1.3
The following lemma in the case b = 1 is a known result due to Beeger
in 1913 (cf. [Mu, p. 23]).
Lemma 4.1. Let p be an odd prime, and let b be a positive integer. Then
wpb ≡
pBϕ(pb) − p+ 1
pb
(mod p), (4.1)













b)/2 ≡ −1 (mod pb).
So wpb is an integer.
Clearly
3Bϕ(3) − 3 + 1
3
=









Below we assume pb > 3.
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Since p 6= 2, by [S03, Lemma 2.1] we have pj−2/(j(j + 1)) ∈ Zp for j =













When p−1 | k, we have Bk−1 ∈ Zp and pBk−2 ≡ −[[p = 3 & k 6= 2]] (mod p)
by the von Staudt-Clausen theorem, therefore
p−1∑
a=1












≡pBϕ(pb) + [[p = 3]]p
b (mod pb+1).







pBϕ(pb) + [[p = 3]]p
b − p+ 1
pb
≡
pBϕ(pb) − p+ 1
pb
+ [[p = 3]] (mod p).
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= −ϕ(pb)wpb ≡ p
b−1wpb (mod p
b).




































































≡ 0 (mod pn+1)
because k(n − 1) > 2(n − 1) > n and pk−2/k ∈ Zp by [S03, Lemma 2.1].



















































































1 ≡ −p[[p = 3 & n = 1]] (mod pn+1).




























































− [[p = 3]] ≡
pBϕ(pb) − p+ 1
pb
(mod p).
This concludes the proof. 
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Lemma 4.2. Let p be an odd prime and let n ∈ Z+, r ∈ Z and r 6≡






























Proof. Write pn = pbm with m ∈ Z+. Then
r(p−1)n = (1 + pqp(r))
pb−1m












≡1 + pbmqp(r) (mod p
b+1)
























Let ω be the Teichmu¨ler character of the multiplicative group
(Z/pZ)∗ = {a¯ = a+ pZ : a = 1, . . . , p− 1}.
Then for each a = 1, . . . , p− 1 the value ω(a¯) is just the unique (p− 1)-th
root of unity (in the algebraic closure of Qp) with ω(a¯) ≡ a (mod p). (See,
































where Γp is Morita’s p-adic Γ-function (see [BEW, p. 277] or [Mu, p. 59 and
pp. 67–70] for the definition and basic properties), and pi0 is the unique
element in Zp[ζp] satisfying
pip−10 = −p and pi0 ≡ ζp − 1 (mod (ζp − 1)
2).
(See [Go, pp. 172–173] for the existence of pi0.) Clearly pi0 ≡ ζp − 1 ≡
pi (mod pi2) and hence pi0/pi ≡ 1 (mod pi). (Furthermore, we have pi0/pi =
(pi0/pi)
ppip−1/(−p) ≡ 1 (mod p).)































































































































































= 1 + pbn∗Hn∗ (mod p
b+1)














n∗ ≡ 1− n∗p
bwpb













n∗(1− n∗(pBϕ(pb) − p+ 1))
≡(−1)bn+1(1 + pbn∗Hn∗ − n∗(pBϕ(pb) − p+ 1)) (mod p
b+1).

























k = n∗! + pu.
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bn∗Hn∗ − n∗(pBϕ(pb) − p+ 1)
)
(mod pbpi).
This yields the desired (4.2). 

















As b 6 ordp(n¯) and pn¯− pn = (p− 1)n¯ ≡ 0 (mod ϕ(p
b+1)), we have






Set N = (n¯+ n∗)/(p− 1). Then





















≡ −Fp(pn¯, r) (mod p
bpi).
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(Note that (−p/pip−1)n¯ ≡ 1 (mod pbpi) since −p/pip−1 ≡ 1 (mod pi) and
pb | n¯.) Combining this with Lemma 4.2, we obtain


















≡n∗(pBϕ(pb) − p+ 1)− p































From (4.3) and (4.4) we immediately get the desired congruence (1.17). 
5. Congruences for extended Fleck quotients
Let p be a prime, and let a ∈ Z+, n ∈ N and r ∈ Z. In 1977 C. S.
















An extension of this result was given by the author in [S06]. During
his study of the ψ-operator in Fontaine’s theory in 2005, D. Wan finally
obtained the following extension of Fleck’s inequality (cf. [W] and [SW1]):



















i.e., the extended Fleck quotient
F
(l)













is an integer. In this section we study F
(l)
pa (n, r) mod p.
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Theorem 5.1. Let p be a prime, and let a ∈ Z+, l, n ∈ N, r ∈ Z and

















provided that we have one of the following (i)–(iii):
(i) a = 1 or p | n or p− 1 ∤ n− l − 1;
(ii) ⌊s/pa−2⌋ = 2⌊t/pa−2⌋ and p 6= 2;
(iii) ⌊s/pa−2⌋ = ⌊t/pa−2⌋ = p− 1.
Now we deduce Theorem 1.4 from Theorem 5.1.
Proof of Theorem 1.4. Let d ∈ Z+ with d 6 max{pa−2, 1}. Then⌊








































⌊(pn−m− 1− l − 1)/(p− 1)⌋
l
)
× (pn−m− 1− l)∗!B
(m+1)








p−1−(n−m−1−l)(m+ 1− p) (mod p).
Since B
(m+1)
0 , . . . , B
(m+1)
p−2 ∈ Zp and
(−1)p−n+l+mB
(m+1)





































which is equivalent to (1.20). 
To prove Theorem 5.1 we need some lemmas.
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Lemma 5.1. Let f(x) be a function from Z to a field, and let m,n ∈ Z+.

























where r¯ = r +m− 1 and ∆f(x) = f(x+ 1)− f(x).
Proof. This is Lemma 2.1 of Sun [S06]. 
Lemma 5.2. Let p be a prime, and let l, n ∈ N with n > p. Then
F (l)p (n, r) + [[l > 0]]F
(l−1)








F (l)p (n− p+ 1, r − j) (mod p).
(5.2)
Proof. Set n′ = n − (p − 1) > 0. With help of the Chu-Vandermonde
convolution identity,


















































′, r − j).

























(Recall that Hp−1 =
∑p−1


































=− [[l > 0]]F (l−1)p (n
′ − 1, r),












F (l)p (n, r) ≡(−1)
p[[l > 0]]F (l−1)p (n







p (n′, r − j)
k
≡− [[l > 0]]F (l−1)p (n








′, r − j) (mod p).
This proves (5.2). 
Lemma 5.3. Let p be a prime, and let l, n ∈ N and r ∈ Z. If n > lp,
then
F (l)p (n, r) ≡ (−1)
l
(
⌊(n− l − 1)/(p− 1)⌋
l
)
Fp(n− lp, r) (mod p). (5.3)
Proof. We use induction on l + n.
Clearly l = 0 and n = 1 if l + n = 1. In the case l = 0, (5.3) holds
trivially for n > 0.
Below we let l > 0 and assume the corresponding result for smaller
values of l+n. As n > lp, we have n′ − 1 > (l− 1)p where n′ = n− p+1.
By the induction hypothesis, (−1)l−1F
(l−1)
p (n′ − 1, r) is congruent to(




′ − 1− (l − 1)p, r)
=
(
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Clearly n′ > lp− p+ 1 > l. If n′ 6 lp then
n′ − l − 1
p− 1
− l =











′, r − j) ≡ 0 (mod p).





















′ − lp, r − j)
≡−
(
⌊(n′ − l − 1)/(p− 1)⌋
l
)
Fp(n− lp, r) (mod p),
where we have applied Lemma 5.2 for Fleck quotients.
The above, together with Lemma 5.2, yields that
(−1)lF (l)p (n, r) ≡(−1)
l−1[[l > 0]]F (l−1)p (n









′, r − j)
≡
(












⌊(n− l − 1)/(p− 1)⌋
l
)
Fp(n− lp, r) (mod p).
The induction proof is now complete. 
Lemma 5.4. Let p be a prime, and let a ∈ Z+, n ∈ N, r ∈ Z and









F (l)p (n, r) (mod p) (5.4)





k and t =
∑a−2
k=0 tkp
k with sk, tk ∈ {0, . . . , p − 1}.
























































p2 (pn+ sa−2, pr + ta−2) (mod p).
Observe that sa−2 = ⌊s/p
a−2⌋ and ta−2 = ⌊t/p










F (l)p (n, r) (mod p) (5.5)
by [SW1, Theorem 1.2]. Suppose that (iii) holds (i.e., sa−2 = ta−2 = p−1)
but (i) fails. By [SW1, Lemma 3.3],










σ =1 + (−1)p
∏p
i=2(p(n− 1) + p− 1 + i)∏p−1
i=1 i
















≡ 0 (mod p2).
(Note that if p = 2 then n is odd since (i) fails.) Thus F
(n−1)
p (pn +
sa−2, ta−2) ≡ 0 (mod p) and hence (5.5) holds by [SW1, Lemma 3.2].































F (l)p (n, r) (mod p),
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where we have applied Lucas’ theorem (cf. [HS]). This completes the
proof. 
Proof of Theorem 5.1. In view of Lemma 5.4, it suffices to show that
(−1)lF
(l)
p (n, r) is congruent to
−[[n > l]]
(






modulo p. In the case n 6 lp, this is easy since the last expression vanishes.
Below we assume n > lp. By Lemma 5.3 and (1.4),
(−1)lF (l)p (n, r)
≡
(












Since (n− lp)∗ = (n− l)∗ and (n− lp)∗ = (n− l)∗, the desired result follows
and we are done. 
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